We introduce a spin ladder with antiferromagnetic Ising ZZ interactions along the legs, and interactions on the rungs which interpolate between the Ising ladder and the quantum compass ladder. We show that the entire energy spectrum of the ladder may be determined exactly for finite number of spins 2N by mapping to the quantum Ising chain and using Jordan-Wigner transformation in invariant subspaces. We also demonstrate that subspaces with spin defects lead to excited states using finite size scaling, and the ground state corresponds to the quantum Ising model without defects. At the quantum phase transition to maximally frustrated interactions of the compass ladder, the ZZ spin correlation function on the rungs collapses to zero and the ground state degeneracy increases by 2. We formulate a systematic method to calculate the partition function for a mesoscopic system, and employ it to demonstrate that fragmentation of the compass ladder by kink defects increases with increasing temperature. The obtained heat capacity of a large compass ladder consisting of 2N = 104 spins reveals two relevant energy scales and has a broad maximum due to dense energy spectrum. The present exact results elucidate the nature of the quantum phase transition from ordered to disordered ground state found in the compass model in two dimensions.
I. INTRODUCTION
Spin ladders play an important role in quantum magnetism. Interest in them is motivated by their numerous experimental realizations in transition metal oxides 1 and has increased over the last two decades. One of recently investigated realizations of spin ladders are Sr n−1 Cu n+1 O 2n cuprates (with n = 3, 5, 7, · · ·), 2 and the simplest of them, a spin ladder with two legs connected by rungs, is realized in Sr 2 Cu 4 O 6 . Excitation spectra of such antiferromagnetic (AF) spin ladders are rich and were understood only in the last decade. They consist of triplet excitations, bound states and two-particle continuum, 3 and were calculated in unprecedented detail for quantum AF spin S = 1/2 two-leg ladder employing optimally chosen unitary transformation. 4 In some of spin ladder systems charge degrees of freedom also play a role, as for instance in α ′ -NaV 2 O 5 , where AF order and charge order coexist in spin ladders with two legs, 5 or in the Cu-O planes of La x Sr 14−x Cu 24 O 41 , where spin and charge order coexist for some values of x. 6 This advance in the theoretical understanding of the ground states and excitation spectra of spin ladders is accompanied by recent experimental investigations of triplon spectra by inelastic neutron scattering 7 of almost perfect spin ladders in La 4 Sr 10 Cu 24 O 41 . Finally, in the theory spin ladders could serve as a testing ground for new (ordered or disordered) phases which might arise for various frustrated exchange interactions. 8 A particularly interesting situation arises when frustration of spin interactions may be tuned by varying strength of certain coupling constants, and could thus exhibit transitions between ordered and disordered phases. On the one hand, periodically distributed frustrated Ising interactions do not suffice to destroy magnetic long-range order in a two-dimensional (2D) system, but only reduce the temperature of the magnetic phase transition.
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On the other hand, when the model is quantum, increasing frustration of exchange interactions may trigger a quantum phase transition (QPT), as for instance in the one-dimensional (1D) compass model. 10 Physical realizations of frustrated interactions occur in 2D and three-dimensional spin-orbital models derived for Mott insulators in transition metal oxides in the orbital part of the superexchange. In such models frustration is intrinsic and follows from the directional nature of orbital interactions.
11 Usually such frustration is removed either by Hund's exchange J H or by Jahn-Teller orbital interactions, but when these terms are absent it leads to a disordered orbital liquid ground state. Perhaps the simplest realistic example of this behavior is the (KugelKhomskii) model for Cu 2+ ions in d 9 electronic configuration at J H = 0, where a disordered ground state was found.
12 Examples of such disordered states are either various valence-bond phases with singlet spin configurations on selected bonds, 13 or orbital liquids established both in t 2g systems 14 and in e g systems. 15 Characteristic features of spin-orbital models are enhanced quantum effects and entanglement, 16 so their ground states cannot be predicted using mean-field decoupling schemes. Also in doped systems some unexpected features emerge for frustrated orbital superexchange interactions, and the quasiparticle states are qualitatively different from those arising in the spin t-J model. 17 Therefore, it is of great interest to investigate spin models with frustrated interactions which stand for the orbital part of the superexchange, particularly when such models could be solved exactly.
Although the orbital superexchange interactions are frequently Ising-like, they lead to quantum models with intrinsically frustrated exchange models as different orbital components interact depending on the bond orientation in real space. 18 A generic case of such frustrated interactions is the so-called 2D quantum compass model, 19 which was recently investigated numerically. 20, 21 Although orbital superexchange interactions in Mott insulators are typically AF, 11, 12, 13, 14 a similar frustration concerns also ferromagnetic (FM) interactions, and a QPT was also found in the compass model with FM interactions. 22 The 1D variant of the compass model with alternating interactions of z-th and x-th spin components on even and odd bonds was solved exactly by an analytical method, 10 and entanglement in the ground state was analyzed recently. 23 We note that the 1D compass model (the model of Ref. 10 in the limit of equal and alternating interactions on the bonds) is equivalent to the 1D anisotropic XY model, solved in the seventies. 24 An exact solution of the 1D compass model demonstrates that certain nearest-neighbor spin correlation functions change discontinuously at the point of a QPT when both types of interactions have the same strength. This somewhat exotic behavior follows because the QPT occurs at the multicritical point in the parameter space. 25 A similar discontinuous behavior of nearest-neighbor spin correlations was also found numerically for the 2D compass model.
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While small anisotropy of interactions leads to particular short-range correlations dictated by the stronger interaction, in both 1D and 2D compass model one finds a QPT to a highly degenerate disordered ground state when the interactions are balanced.
The purpose of this paper is to present an exact solution of the compass model on a spin ladder, with ZZ Ising interactions between z-th spin components along the ladder legs, and interactions on the rungs which gradually evolve from ZZ Ising interactions to XX Ising ones. In this way the interactions interpolate between the classical Ising spin ladder and the quantum compass ladder with frustrated interactions. The latter case will be called compass ladder below -it stands for a generic competition between orbital interactions on different bonds and can serve to understand better the physical consequences of the frustrated orbital superexchange.
The paper is organized as follows. The model and its invariant dimer subspaces are introduced in Sec. II. Next the ground state and the lowest excited states of the model are found in Sec. III by solving the model in all nonequivalent subspaces. Thereby we discuss the role played by defects in spin configuration and show that the ground state is obtained by solving the 1D quantum Ising (pseudospin) model (QIM). Using an example of a finite system, we provide an example of the energy spectrum, and next extrapolate the ground state energy obtained for finite systems to the thermodynamic limit. We also present the changes of spin correlations at the QPT, and derive the long-range spin correlations. Next we construct canonical ensemble for the spin ladder in Sec. IV and present the details concerning the calculation of energies in the appendix. The constructed partition function is used to derive such thermodynamic properties of the compass ladder as the temperature variation of spin correlations, and the average length of fragmented chains separated by kinked areas in Sec. V. In Sec. VI we present the evolution of heat capacity C V when interactions change from the Ising to compass ladder for a small ladder of N = 8 spins, and next analyze C V for a large (mesoscopic) compass ladder of 2N = 104 spins. While the characteristic excitation energies responsible for the maxima in heat capacities can be deduced from the energy spectrum for N = 8 spins, generic features of excitations follow from the form of C V in case of the mesoscopic compass ladder. Final discussion and summary of the results are given in Sec. VII.
II. COMPASS MODEL ON A LADDER
We consider a spin ladder with N rungs 2i − 1, 2i labelled by i = 1, 2, · · · , N . The interactions along ladder legs are Ising-like with AF coupling J between zth spin components (σ 
The factor of two for the interactions on the rungs ∝ 2J was chosen to guarantee the same strength of interactions on the rungs (with only one rung neighbor of each spin) as along the ladder legs (with two leg neighbors). Increasing α gradually modifies the interactions on the rungs and increases frustration. For α = 0 one finds the reference Ising ladder, while at α = 1 the interactions describe a competition between frustrated ZZ interactions along the ladder legs and 2XX interactions on the rungs, characteristic of the compass ladder. A representative compass ladder with N = 4 rungs (i.e., 2N = 8 spins) is shown in Fig. 1 .
To solve the spin ladder given by Eq. (2.1) in the range of 0 ≤ α ≤ 1 we notice that [H(α), σ
Therefore we have a set of N symmetry operators, with respective eigenvalues r i = ±1. Each state of the system can be thus written in a basis of σ z i eigenvectors |s 1 , s 2 , s 3 , . . . , s 2N fixed by strings of quantum numbers s i = ±1. These vectors can be parametrized differently by a new set of quantum numbers {t i } and {r i }, with i = 1, 2, · · · , N ; they are related to the old ones by the formulae: t i ≡ s 2i−1 and r i ≡ s 2i−1 s 2i . Now we introduce new notation for the basis states 
A similar transformation was introduced for a frustrated spin-1/2 chain by Emery and Noguera, 26 who showed that it can by mapped onto an Ising model in a transverse field. Recently this procedure was used to investigate quantum criticality in a two-leg strongly correlated ladder model at quarter filling.
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The Hamiltonian can be now written in a common eigenbasis of R i (2.2) operators by means of {τ 
with a constant 6) and periodic boundary condition τ z N +1 ≡ τ z 1 . This leads to the exactly solvable QIM with transverse field, 28, 29, 30 if only r i ≡ 1 or r i ≡ −1. Otherwise there are always some τ z i τ z i+1 interactions missing (defects created in the chain) and we obtain a set of disconnected quantum Ising chains with loose ends and different lengths. The bonds with no pseudospin interactions may stand next to each other, so in an extreme case when r i+1 = −r i for all i, one finds no Ising bonds and no chains appear.
One may easily recognize that the ground state of the spin ladder described by Hamiltonian (2.1) lies in a subspace with r i ≡ −1 for α < 1. First of all, r i ≡ −1 minimizes C r (α), see Eq. (2.6). To understand a second reason which justifies the above statement let us examine a partial Hamiltonian (open chain) of the form x . One may also expect that this energy decreases with increasing length L of the chain, and is proportional to L in the thermodynamic limit. The numerical evidence for this are plots of the ground state energy versus L presented in section 3. Looking at Hamiltonian (2.5) we see that the longest chains of the type (2.7) appear in subspaces with r i ≡ −1 and r i ≡ 1, but the constant term C r (α) favors r i ≡ −1 if only α < 1. For α = 1 the ground state can be in both subspaces, and its degeneracy follows, see below.
III. ENERGY SPECTRA IN INVARIANT SUBSPACES
A. Quantum Ising model
To find the ground state of spin ladder (2.1) we need to solve the QIM that arises from Eq. (2.5) when r i ≡ −1. Thus we need to diagonalize the Hamiltonian of the form
which is related to our original problem by the formula
The formal parameter β is introduced for convenience and will be used to determine the correlation functions along the ladder legs by differentiation, see below. The standard way of solving H QIM starts with Jordan-Wigner (JW) transformation. This non-linear mapping replacing spin operators by spinless fermions is of the form
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The boundary condition for fermion operators {c i } after inserting them into H QIM (3.1) is antiperiodic for even and periodic for odd number of JW quasiparticles in the chain. The operator P of the parity of fermions, 4) corresponds to the operation of flipping all spins along the z-th axis and commutes with H QIM . Therefore, the Hamiltonian can be split into two diagonal blocks, for even (+) and odd (−) number of JW fermions by means of projection operators 1 2 (1 ± P). Therefore we write
where
with two different boundary conditions: c N +1 = ∓c 1 for (±) subspaces. Let us point out that the only consequence of the nonlinearity of the JW transformation is the minus sign which appears in the first bracket multiplying β. This is thanks to one-dimensionality and only nearest-neighbor interactions in the reduced Hamiltonian (2.5), but is not the case for the original Hamiltonian (2.1). Next step is the Fourier transformation,
in an even subspace (+), and
] in an odd one (−). After transforming the operators in Eq. (3.6) we obtain H ± in a block diagonal form,
Diagonalization is completed by a Bogoliubov transformation, defining new fermion operators γ † 
which is an eigenproblem in linear space spanned by operators c † k and c −k . We get two eigenvectors (α k , β k ), corresponding to the quasiparticle operators γ † k and γ −k , and two corresponding eigenvalues ω k = ±E k , with
Therefore, the Hamiltonian is brought to the diagonal form in both subspaces
We still need to transform the parity operator P. Luckily, the Fourier transformation does not change its form and to see that so does the Bogoliubov transformation, one can look at the vacuum state |0 for quasiparticle operators γ k . From the condition γ k |0 = 0 for all k we get
where |vac is a true vacuum state for JW fermions or a state with all spins up. From the form of |0 we see that it contains a superposition of all even numbers of quasiparticles c † k , and the total quasiparticle number is not fixed. Acting on the vacuum with a single creation operator γ † k we obtain a state with odd number of JW fermions, because γ † k is a linear combination of a creation c † k and annihilation c −k operator of a single fermion. In this way one may get convinced that the parity of quasiparticles γ † k and c † k is the same.
B. Ground state and the energy spectrum
From the diagonal form of the QIM Hamiltonian given by Eq. (3.11) we see that the ground state of spin ladder (2.1) is simply |0 in subspace r i ≡ −1 (or r i ≡ 1 when α = 0). For the ground state energy, one uses Eq. (3.2) to get with E QIM (1, α) given in the thermodynamic limit by an integral
The ground state in the absence of transverse field (at α = 0) is doubly degenerate -it is given by two possible Néel states. At finite α > 0, this degeneracy is removed, and the sum of the two Néel states (symmetric state), |0 + , is the ground state, while their difference (antisymmetric state) becomes the first excited state. This first excited state, |0 − = γ † π |0 + , stems from the same subspace and belongs to the spectrum of H − . The splitting of the states |0 + and |0 − increases with α, see Fig. 2(a) . For finite N and α > 0 there is always finite energy difference between the energies of |0 + and |0 − = γ † π |0 + states. However, in the thermodynamic limit N → ∞, this energy gap vanishes for α ≤ 1 and starts to grow as 4Jα at α = 1.
The full spectrum for the ladder with N = 4 rungs belongs to six classes of subspaces equivalent by symmetry -it is depicted in Fig. 2 . With increasing α the spectrum changes qualitatively from discrete energy levels of the classical Ising ladder at α = 0, with the ground state energy per spin equal −2J, to a narrower and quasicontinuous spectrum when the quantum compass ladder at α = 1 is approached, with the ground state energy −4J/π per spin. At the α = 1 point one finds an additional symmetry; subspaces indexed by r and − r are then equivalent which makes each energy level at least doubly degenerate.
C. Correlation functions
All the nontrivial nearest neighbor spin correlation functions in the ground state can be determined by taking derivatives of the ground state energy E QIM (β, α) (3.15) with respect to α or β, while the others are evident from the construction of the subspaces. In this way one finds σ along the rungs gradually develop from 0 in the classical limit to −2/π at the quantum critical point α = 1. Both functions meet at α = 1 which indicates balanced interactions -ZZ along the legs and 2XX along the rungs in case of the quantum compass ladder (see Fig. 1 ).
For the remaining correlations one finds
Eq. (3.16) follows from the fact that operators σ
do not commute with the symmetry operators R i (2.2).
In turn, averages of the symmetry operators along the rungs (3.17) are constant and equal −1 for α < 1, but at α = 1 they change in a discontinuous way and become zero, because at this point the degeneracy of the ground state increases to 2 × 2 = 4, and the spins on the rungs are disordered, so the ZZ correlations vanish. Finally, one can calculate the long range correlation functions for z-th spin components,
(3.18)
The right-hand side of Eq. (3.18) can be obtained from the QIM by the so-called Toeplitz determinant 30 and can be also found in Ref. 10 . All the long range XX correlation functions are zero in the ground state as they do not commute with R i 's operators (2.2).
Note that correlations τ z i τ z j vanish in any subspace when |i − j| exceeds the length of the longest Ising chain. This is due to the fact that, as already mentioned in section II, the effective Hamiltonian in a given subspace describes a set of completely independent quantum Ising chains. Thus, at finite temperature, one can expect that the compass ladder will be more disordered than a standard, 1D QIM. The problem of chain partition at finite temperature will be discussed in detail below.
D. Energies in the subspaces with open Ising chains
As already mentioned, the general Hamiltonian of the form (2.5) is exactly solvable only in cases when r i = r i+1 or r i = −r i+1 for all i. Therefore, one may find exactly the ground state of spin ladder (2.1), see below). Otherwise, in a general case (i.e., in arbitrary subspace) one needs to deal with a problem of the QIM on an open chain of length L where L < N , described by Hamiltonian (2.7);
(3.19) After applying the JW transformation (3.3), Eq. (3.19) takes the form 20) with an open boundary condition c † L+1 ≡ 0. This condition prevents us from the plane waves expansion, but we can still use the Bogoliubov transformation. We remark that the broken chain considered here is sufficient to get a general solution, and the sum over all subspaces with open (broken) chains is included in the partition function Z(α), see Sec. IV A.
We define new fermion operators γ † i as follows
for i = 1, 2, . . . , L. Coefficients α ij and β ij can be chosen in such a way that the transformation is canonical and H(α, L) takes the diagonal form:
Both excitations energies E i and transformation coefficients {α ij , β ij } can be determined from the condition
This leads to an eigenequation Therefore, the ground state energy E 0 (α, L) is obtained in absence of any excited states, so the energy per site can be easily expressed as
Fixing α and increasing L we can trace the dependence of ε(α, L) on the system size and make an extrapolation to an infinite chain L → ∞. Results for ε(α, L) (3.27) as a function of decreasing 1/L, obtained for α = 1, 3/4, 1/2, 1/4 and L changing from 2 to 61, are shown in Fig. 4 . The energies decrease with increasing L which suggests that the ground state corresponds indeed to a closed chain without any defects, as presented in Sec. III B. 
with coefficients a and b depending on α. These new functions can be determined numerically for α changing between 0 and 1 with sufficiently small step. Results obtained by a numerical analysis are plotted in Fig.  5 . Both a and b starts from a value 2 at α = 0, then a(α) decreases monotonically to about 0.72 while b(α) slightly increases to 2.55 at α = 1. Eq. (3.28) is exact for α = 0 and any L, as well as for L = 60, 61 and any α. Nevertheless, looking at Fig. 4 , one can expect it to be a good approximation in case of sufficiently large L. From this formula one can read that for L → ∞ one gets E 0 (α, L) = −Lb(α) + O(L 0 ) which agrees with the classical intuition based on extensiveness of the internal energy.
E. Lowest energy excitations
As we pointed out in Sec. III B, the lowest excited state in the case of a finite system, for α far enough from α = 1, is simply γ † π |0 + and belongs to the subspace r i ≡ −1. This is a collective excitation creating a wave of spin-flips in the ground state. Close to α = 1 one finds that the lowest excited state is the ground state from the subspace r i ≡ 1 which means that the spin order along the rungs changes from AF to FM one along the z-th axis.
The lowest energy excitation changes qualitatively in the thermodynamic limit N → ∞, where γ † π |0 + and |0 + states have the same energy and the dominating excitation is a pair of Bogoliubov quasiparticles with k = 0 ± which corresponds to flipping one spin at α = 0. The first excited state remains in the r i ≡ −1 subspace for all α and the gap follows linear law ∆(α) = 8J(1 − α), see Fig. 6 . This shows that in the thermodynamic limit (N → ∞) the low energy spectrum of the ladder is the same as for ordinary QIM. Note that such behavior is in sharp contrast with the case of finite ladder of N = 4 rungs.
IV. CANONICAL ENSEMBLE FOR THE LADDER A. Partition function
In order to construct the partition function of spin ladder (2.1), we shall analyze its quantum states in different subspaces. Every invariant subspace introduced in Sec. II is labelled by a string r 1 r 2 · · · r N . Let us consider an exemplary string of the form 1 1 11 11 1 1111 1 11 1 1 1 1111 1 , (4.1) where1 = −1, and either r i = r i+1 or r i = r i+1 . Each time when r i = r i+1 the chain continues, and when r i = r i+1 we may say that a kink occurs at site i in the chain. We introduce a periodic boundary condition, so the string is closed to a loop and r N stands next to r 1 . From the point of view of the reduced Hamiltonian H r1r2···rN , given by Eq. (2.5), it is useful to split the string {r i } into chains and kinked areas. A chain is a maximal sequence of r i 's without any kinks consisting at least of two sites. Kink areas are the intermediate areas separating neighboring chains. Using these definitions we can divide our exemplary string (4.1) as follows
where we adopt the convention to denote chains as (r i r i+1 · · · r i+p ), and kink areas as )r i r i+1 · · · r i+q (. For any string of r i 's containing m chains we can define chain configuration {L i } with i = 1, 2, . . . , m, where L i 's are the lengths of these chains put in descending order. In case of our exemplary string its chain configuration is {4, 4, 3, 3, 2, 2}. Variables {L i } must satisfy three conditions:
The first two of them are obvious, while the last one is a consequence of the periodic boundary conditions. Using chain parameters the effective Hamiltonian H r1r2···rN can be written as a sum of commuting operators
L i stands for the total size of kinked areas. This formula refers to all subspaces excluding those with r i+1 ≡ r i , where we have already obtained exact solutions. The evaluation of the constant C r (α) can be completed by considering chain and kink areas in each subspace, see appendix. Having the diagonal form of H(α, L), given by Eq. (3.22), one can now calculate partition function for the ladder of 2N spins. It can be written as follows
where the sum over all { r} subspaces is replaced by sums over all chain configurations {L i } and all R = N i=1 r i configurations possible for a given {L i }. Factor F α [{L i }, R {Li} ] is a number of r subspaces for fixed chain configuration and fixed R when α < 1, and for α = 1 it is a number of r subspaces when only {L i } is fixed. Partition function for any subspace containing open QIM chains or kinked areas is given by
where {l i } (i = 1, 2, . . . , n) are the different lengths of the chains appearing in the chain configuration {L i }, N (l i ) stands for the number of chains of the length l i , and T is temperature in units of k B = 1. For example, the chain configuration {4, 4, 3, 3, 2, 2} of Eq. (4.2) has n = 3, {l i } = {4, 3, 2} and N (l i ) ≡ 2. The term Z 0 (α) is a contribution from subspaces with r i+1 ≡ r i . Using exact solutions (3.11), available in these subspaces, one finds that
where the quasiparticle energies are:
, (4.7)
Appearance of both sine and cosine hyperbolic functions in Z 0 (4.6) is due to the projection operators P introduced in section III A.
B. Combinatorial factor
To obtain numerical values of the partition function one has to get the explicit form of the combinatorial factor F α [{L i }, R {Li} ]. This can be done in a simple way only for α = 1 when C r (α) = 0, see Eq. (2.6). Then we have
is the number of different r subspaces that can be obtained from a fixed chain configuration {L i }. Now we can derive a formula for this combinatorial factor. The chains can be put into the r i string in any order and these of equal length are indistinguishable. Apart from chains, there are also r i 's belonging to the kinked areas which determine the actual string configuration. We have K = N − m i=1 L i of them, they are indistinguishable and can be distributed among m kinked areas. These degrees of freedom lead to a combinatorial factor
where l 1 , l 2 , . . . , l n (n ≤ m) are the lengths of the chains without repetitions and N (l i ) is a number of chains of the length l i . After determining the length of the first chain L 1 and the size of its kink area A 1 , we still need to fix the position of r 1 . We have exactly L 1 + A 1 possibilities. Next, we have to sum up over all possible values of L 1 (which are l 1 , l 2 , . . . , l n ), all possible sizes of the kink area A 1 (which are 1, 2, . . . , K) and multiply by a combinatorial factor (4.10) calculated for the remaining part of the string. The result is
where the factor of 2 in front comes from the fact that r 1 = ±1. This number tells us how many times a given energy spectrum repeats itself among all subspaces when α = 1. The binomial factor appearing in formula (4.11) needs to be generalized with Γ functions when m = 1.
V. COMPASS LADDER AT FINITE TEMPERATURE A. Correlation functions and chain fragmentation
Nearest-neighbor correlation functions can be easily derived at finite temperature from the partition function Z(α, β, γ), if we substitute our initial Hamiltonian H(α) given by Eq. (2.1) by
Then, after calculating the partition function, we recover spin correlations by differentiating Z(α, β, γ) with respect to β and γ, and inserting γ = α and β = 1 to the obtained correlations to derive the final results. Once again, this can be done in a simple way for small ladders. Correlation functions σ for spin ladder (2.1) at α = 1 (quantum compass ladder) are shown in Fig. 7 for increasing temperature T . Other nearest neighbor correlations vanish at α = 1 for trivial reasons. Fig. 7 , the spin correlations are initially the same (at low T ) as those for the QIM, but this changes when temperature T ≃ 0.3J is reached and the two curves cross -then the rung correlations start to dominate. The crossing is caused by the growth of the kinked areas, as shown in Fig. 8 , which are free of quantum fluctuations and therefore favor rung correlations of x-th spin components.
Another interesting information on excitations in the quantum compass ladder is the evolution of the average chain configuration with increasing temperature. As we know from Sec. IV A, every subspace can be characterized by the lengths of chains that appear in its r i label. Chain configurations can in turn be characterized by: (i) the number of chains which are separated by kinks m, and (ii) the total size of kinked areas K. Thermodynamic averages of both quantities, m and K , can be easily determined at α = 1 even for a relatively large system using the combinatorial factor F 1 [{L i }] (4.11) calculated in Sec. IV B. In the limit of T → ∞ one has:
In Fig. 8 we show the average quantities m and K for ladders of 2N = 8 (left) and 2N = 104 spins (right). In both cases the average number of chains m starts from 1 and the average size of the kinked areas K starts from 0, corresponding to a single chain without kinks in the ground state at T = 0. The number of chains m grows to a broad maximum in the intermediate temperature range and decreases asymptotically to a finite value. This non-monotonic behavior is due to the fact that the states with the highest energy, which become accessible when T → ∞, do not belong to the subspaces with large number of chains. The mean value of kinks K follows m but increases monotonically in the entire range of T , and for finite T one finds that K < m . By look- ing at the current results one may deduce that in case of T → ∞ and for large N ≫ 1 both quantities approach
This is an interesting combinatorial feature of the chain configurations which is not obvious when we look at the explicit form of the combinatorial factor
Note that Eq. (5.4) gives an integer due to our choice of system sizes 2N considered here, being multiplicities of 8, i.e., N is a multiplicity of 4.
B. Spectrum of a large system
The combinatorial factor F 1 [{L i }] given by Eq. (4.11) enables us to calculate the partition function Z(1) (4.4) for a large system when α = 1. As a representative example we consider a ladder consisting of 2N = 104 spins. Even though we can reduce Hamiltonian (2.1) to a diagonal form when 2N = 104, as shown in previous paragraphs, it is still impossible to generate the full energy spectrum for practical reasons -simply because the number of eigenstates is too large. Instead, we can obtain the density of states in case of α = 1 using the known form of the partition function (4.4) and of the combinatorial factor (4.11). Partition function for imaginary 1/T can be written as
where 6) and where sum is over all eigenenergies E p of the ladder. Parameter E 0 is the energy of the ground state. Small and positive ε is introduced to formally include ±E 0 into integration interval. Here we used the fact that ladder's spectrum is symmetric around zero at the compass point α = 1 (see Fig. 2 ). Function ρ(E) can be easily recognized as the density of states. Using x = 2πn/w in Eq. (5.5), with w = 2(|E 0 | + ε) standing for the length of the integration interval and n being integer, we easily recover the density of states ρ(E) (5.6) in a form of the Fourier cosine expansion
with amplitudes given by the partition function Z(ix). In practice we cannot execute the sum above up to infinity. Therefore, it is convenient to define ρ c (E) which is given by the same Eq. (5.7) as ρ(E) but where the sum has a cutoff for n = c. The heights of peaks in ρ c (E) are expected to grow in an unlimited way with increasing value of c, so it is convenient to define the normalized density of states N (E) as
The results for the compass ladder (α = 1) of 2N = 104 spins are shown in Fig. 9 . These are relative density of states N (E) for cutoff c = 600 and Fourier coefficients Z 2iπ n w for two intervals of n. Results obtained for lower cutoffs show that the overall gaussian shape of N (E), shown in Fig. 9(a) , does not change visibly if only c > 8. This allows us to conclude that the spectrum of the compass ladder becomes continuous when the size of the systems increases which is not the case for the Ising ladder (α = 0). Higher values of n are investigated to search for more subtle effects than gaussian behavior of N (E). These are found by looking at the amplitudes Z 2iπ n w in high n regime [ Fig. 9(c) ], as the low n regime [ Fig. 9(b) ] encodes only the gaussian characteristic of the spectrum. One finds three sharp maxima of the amplitudes for n = 208, 330, 533 out of which the one with n = 330 is about five times more intense than the rest, but it is still 10 3 times weaker than the peak in n = 0. These values of n correspond with some periodic condensations of the energy levels with periods ∆E = 1.28, 0.81, 0.50J respectively which are visible in N (E) only in vicinity of E = ±E 0 .
VI. HEAT CAPACITY A. From Ising to compass model
In this Section we analyze heat capacity to identify characteristic excitation energies in the compass ladder. We begin with complete results for the ladder consisting of 2N = 8 spins shown in Fig. 1 , where all chain configurations can be written explicitly. Using Eq. (4.4) for the partition function, one can next calculate all thermodynamic functions including average internal energy and the heat capacity.
Results for the heat capacity C V for different values of α are shown in Fig. 10 . These plots cover three characteristic intervals of α where the behavior of curves changes qualitatively by appearance or disappearance of certain maxima. The positions of these maxima correspond to possible excitation energy scales of the system that change at increasing α and their intensities reflect the number of possible excitations in a given energy interval. In case of α = 0 [ Fig. 10(a) ], we see a single maximum at ∼ 2.2J which corresponds to flipping spins in an Ising spin ladder. Switching on the XX interactions and weakening the ZZ interactions on the rungs has two effects: (i) decreasing energy and intensities of the highenergy maximum, and (ii) appearance of a low-energy mode in every subspace with QIM chains which manifests itself as a peak with low intensity at low temperature T , see Fig. 10(a) . At α ≃ 0.85 this mode overlaps with modes of higher energies and until α ≃ 0.94 there is a single peak again with a shoulder at high values of T , shown in Fig. 10(b) . Then the excitation energies separate again and a broad peak appears for high T accompanied by a distinct maximum at T ≃ 0.4J. In Fig. 10 we recognize the characteristic features for the QIM chains present in most of the subspaces which are influenced by the excitations mixing different subspaces. If we had only one subspace with r i ≡ −1, i.e., the one containing the ground state, then we would have two maxima in C V for all 0 ≤ α ≤ 1 -one of low intensity in the regime of low temperature T , and another one in high T , broad and intense. The small maximum corresponds with low-energy mode of QIM that disappears for certain α > 1. This is not the case for other subspaces where QIM chains are fragmented and kinked area are formed. In case of the 1111 subspace the low-energy peak in C V vanishes at α ≃ 0.65 and the high-energy peak persists and moves to higher temperatures with the increase of α. The situation is similar for the 1111 subspace but the peak disappears at α ≃ 0.75 and in the classical subspace 1111 we have only one maximum for any α. One can deduce now that the general rule is that the separation of peaks in heat capacity is reduced primarily by the growth of kinked areas and secondarily by the fragmentation of chains. This separation of energy scales is also visible in Fig. 2 where the spectra in different subspaces are shown; below certain α in all cases but (d), which is the classical subspace, the energy gap between the ground state and first excited state is smaller than other energy gaps appearing in the subspace.
The mixing of different subspaces in the partition function makes the peaks in C V overlap which can result in reducing their number. This happens in Fig. 10(b) ; for solid (α = 0.87) and dashed (α = 0.90) curve we have only one maximum. For higher or lower α the energy scales remain separated which is due to fact that: (i) soft modes survive in most of subspaces for low α, and (ii) for high α the high-energy modes become even tougher and do not overlap with soft modes still present in subspaces with small kinked areas. The last phenomenon characteristic for the ladder are excitations between r i ≡ −1 and r i ≡ 1 subspace in the vicinity of the QPT. This yields to the appearance of the new energy scale ∆(α) = 4N J(1 − α) at α ≃ 0.987 which manifests itself as a small peak in heat capacity in low temperature. This maximum vanishes at α = 1, as shown in Fig.  10(d) .
B. Generic features at large N
After understanding the heat capacity in a small system of N = 8 spin (Sec. VI A), we analyze a large system using the statistical analysis of Sec. VI. Obtaining combinatorial factor F α [{L i }, R {Li} ] in case of α < 1 is difficult and likely even impossible in a general way without fixing N . Hence we focus on the compass ladder (α = 1) For the compass ladder of 2N = 104 spins considered in Sec. V B, one finds 2 52 invariant subspaces. Although the eigenvalues can be found in each subspace, it is not possible to sum up over all subspaces for practical reasons and a statistical analysis is necessary. Therefore, the knowledge of the combinatorial factor F 1 [{L i }], see Eq. (4.11), is crucial to calculate partition function Z(1) (4.4). Fortunately, knowing it we only need to consider different chain configurations which are not very numerous -there are only 140854 of them. This means that on average each energy spectrum of the effective Hamiltonian repeats itself almost 32 × 10 9 times throughout all subspaces. The statistical analysis of the compass ladder consisting of 2N = 104 spins in terms of: (i) mean values of kinked areas K (5.3), and (ii) the number of chains m (5.2), was already presented in Fig. 8(b) , while the energy spectrum was discussed in Sec. V B. Here we present the heat capacity C V for the compass ladder of this size in Fig. 11 . At high temperature one finds a broad maximum centered at T ≃ 2J which originates from dense excitation spectrum at the compass point (α = 1), cf. the spectrum of the compass ladder with 2N = 8 spins shown in Fig. 2 . We remark that the broad maximum of Fig. 11 has some similarity to broad maxima found in the specific heat (heat capacity) of spin glasses. 31 However, here the broad maximum in the heat capacity does not originate from disorder but solely indicates frustration, similar as in some other models with frustrated spin interactions. 32 We emphasize that the present results could be obtained only by developing a combinatorial analysis of a very large number of possible configurations of spin ladder, and due to the vanishing constant C r (α = 1) = 0 (2.6) in the energy spectrum for the compass ladder. Unfortunately, the present problem is rather complex due to the quantum nature of spin interactions, but in case of the binomial 2D Ising spin glass an exact algorithm to compute the degeneracies of the excited states could be developed recently. 33 The heat capacity C V of Fig. 11 at low temperature is qualitatively similar to the one obtained for 2N = 8 spins, see Fig. 10(c) , but the steep maximum at low T is here moved to lower temperature T ≃ 0.2J. We also identified an additional (third) peak in the regime of rather low temperature T ≃ 0.02J (shown in the inset). This maximum originates from the QIM (3.1) where the energies of the ground state and of the first excited state approach each other for increasing N , if only α ≤ 1. Thus, this lowest peak in the heat capacity obtained for the compass ladder of 2N = 104 spins has to be considered as a finite size effect -for increasing system size it is shifted to to still lower temperature T , and would disappear in the thermodynamic limit N → ∞, in agreement with the qualitative change of low energy spectrum of the QIM.
VII. SUMMARY AND CONCLUSIONS
We have investigated an intriguing case of increasing frustration in a spin ladder (2.1) which interpolates between the (classical) Ising ladder and the frustrated compass ladder when the parameter α increases from α = 0 to α = 1. The ground state of the ladder was solved exactly in the entire parameter range by mapping to the QIM, and we verified that frustrated interactions on a spin ladder generate a QPT at α = 1, when conflicting interactions ZZ along the ladder legs compete with 2XX ones along the rungs. At this point the spin correlations on the rungs σ z 2i−1 σ z 2i = −1 collapses to zero and the ground state becomes disordered. We have shown that the ground state of a finite ladder has then degeneracy 2, while the analysis of the energy spectra for increasing size suggests that the degeneracy increases to 4 in the thermodynamic limit. We note that this result agrees with degeneracy 2 × 2 L found for the 2D compass model,
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where L is a linear dimension (the number of bonds along one lattice direction) of an L × L cluster in the 2D system. In our case of a 2 × N ladder, L = 1 for ladder rungs, so indeed the degeneracy is 2 × 2 = 4. The present method of solving the energy spectrum in different subspaces separately elucidates the origin of the QPT found in the present spin ladder (2.1) at the point α = 1, corresponding to the frustrated interactions in the compass ladder. We argue that this approach could help to find exact solutions in a class of quasi-1D models with frustrated spin interactions, but in some cases only the ground state and not the full spectrum can be rigorously determined. For instance, this applies to a spin ladder with frustrated spin interactions between different triplet components on the rungs, 34 where a different type of a QPT was found recently.
By performing a statistical analysis of different possible configurations of spin ladder (2.1) with periodic boundary conditions we derived a partition function Z(α) for a mesoscopic system of 104 spins. The calculation in-volves the classification of ladder subspaces into classes of chain configurations {L i } equivalent by symmetry operations and the determination of the combinatorial factor F α [{L i }, R {Li} ]. We have shown that this factor can be easily determined at the compass point (α = 1), so the heat capacity of such a mesoscopic compass ladder could be found.
Summarizing, we demonstrated that spin ladder studied in this paper exhibits a QPT from a classical ordered to a quantum disordered ground state which occurs due to the level crossing, and is therefore of first order. It leads to a discontinuous change of spin correlations on the rungs when the interactions along the ladder legs and on the rungs become frustrated. Fortunately, the subspaces which are relevant for the QPT in the compass ladder considered here can be analyzed rigorously, which gives both the energy spectra and spin correlation functions by mapping the ladder on the quantum Ising model. The partition function derived in this work made it possible to identify the characteristic scales of excitation energies by evaluating the heat capacity for a mesoscopic system.
Note added in proof. After this paper was accepted, we learned about a powerful algebraic method to analyze exactly solvable spin Hamiltonians. 35 The present quantum compass laddeed could be also analyzed using this approach.
